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Abstract

Heat transfer from a surface in motion relative to either a stationary or moving fluid occurs in many materials processing ap-

plications such as hot rolling, extrusion, drawing, and drying. In this study, an analysis has been carried out to predict the convective

transport occurring between air and a continuous inclined surface which moves with an assisting or opposing flow with respect to

the free stream in the presence of gravity. The steady flow of air is assumed laminar and is modeled by using a two dimensional (2-D)

complete set of conservation equations, subject to the appropriate boundary conditions. The equations were solved numerically by

employing the finite element method. Predictions for the local dimensionless skin friction and heat transfer are made for different

configurations of the relative position of the surface and the free stream. The numerical results of the present study for the

buoyancy-assisting and opposing flows on vertical surfaces are validated by direct comparison with the available published data.

New results are presented for inclined surfaces with the buoyancy-assisting and opposing flows. The buoyancy-assisting results are

then correlated for wide ranges of inclination angles and moving sheet relative velocities.

� 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Heat transfer from a surface in motion relative to

either a stationary or moving fluid occurs in many ma-
terials processing applications, such as hot rolling, ex-

trusion, drawing (Jaluria, 1992; Viskanta, 1992), and

paper drying (Lindsay, 1992; Calkin and Parsons, 1957).

Examples of processes include continuous casting,

plastic forming, bonding, annealing and tempering, heat

treatment and many others. Most of the literature on

this problem has focused on laminar flow for a surface

moving through a stagnant fluid. Sakiadis (1961a) was
the first to analyze boundary layer flow and heat

transfer on a continuous moving surface. Both ap-

proximate and exact solutions for the momentum

equation were obtained for laminar flows on a surface
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moving through a stagnant fluid (Sakiadis, 1961a,b,c),

and numerous references on the subject are cited else-

where (Lindsay, 1992; Calkin and Parsons, 1957; Er-

ickson et al., 1966; Tsou et al., 1967).
The first analysis treating simultaneous motion of

both the fluid and the surface was published by Klemp

and Acrivos (1972). They studied the flow when the free

stream is parallel but in the opposite direction to the

moving plate, using a similarity method. A critical value

of the moving surface velocity to the free stream velocity

ratio was found to be of 0.3541.

The inability to obtain similarity solutions for higher
values of this ratio was attributed to boundary layer

separation from the moving plate, and the mathematical

reasons for this limit were discussed by Hussaini and

Lakin (1987). Forced convection heat transfer occurring

in this flow situation was studied by a number of re-

searchers (Gampert and Abdelhafez, 1979; Abdelhafez,

1985; Chapiddi and Gunnerson, 1989). Mixed convec-

tion on a stationary horizontal plate was also considered
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Nomenclature

a1, a2 coefficients based on k for Eq. (18)
b coefficient based on a for Eq. (18)
c0, c1, c2, d, e, f12, f13 coefficients based on ReL for

Eq. (18)

Cf local skin friction coefficient

F function defined in Eq. (18)

g gravity acceleration vector, m s�2

Gr Grashoff number
h local convective heat transfer coefficient,

Wm�2 K�1

k thermal conductivity, Wm�1 K�1

L sheet length, m

n coefficient in Eq. (18)

Nu Nusselt number

p pressure, Pa

P dimensionless pressure
Pe Peclet number

Pr Prandtl number

Re Reynolds number

u, v fluid velocities, m s�1

U , V dimensionless fluid velocities

T temperature, K

x, y Cartesian coordinates, m

X , Y dimensionless Cartesian coordinates

Greeks

a angle of the plate with the horizontal

aT thermal diffusivity, m2 s�1

b coefficient of volumetric thermal expansion,
K�1

k moving sheet to free stream velocity ratio

m kinematic viscosity, m2 s�1

l dynamic viscosity, kgm�1 s�1

n Richardson number, Eq. (8)

h dimensionless temperature

q density, kgm�3

s shear stress, Nm�2

Subscripts

L surface trailing edge

x, y vector components at x- and y-directions
w wall

1 free stream

Superscript

ð�Þ wall averaged quantity
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(Ramachandran et al., 1983), and the set of nonsimilar

equations was solved by using the finite difference and

the local nonsimilarity methods.

Forced convection from an isothermal horizontal

plate moving in a parallel counter flowing fluid stream

was analyzed by Bianchi and Viskanta (1993). Similarity

and integral methods of solution were used to solve the

set of boundary layer equations, but no solutions could
be obtained for velocity ratios greater than 0.3542, using

the similarity method.

Ramachandran et al. (1987a) studied the flow and

heat transfer from vertical and inclined moving sheets

with the presence of buoyancy-assisting effects, under

the boundary layer assumptions. However, they studied

only the cases where the sheet moves in the same di-

rection as the free stream, and they neglected the
streamwise pressure gradient in their formulation, ex-

cluding, for example, the horizontal plate configuration.

In many practical situations, such as continuous casting

(Minkoff, 1992), motion of a horizontal surface can exist

in the presence of a free stream flow of a fluid. The heat

transfer rate in this situation is of importance if the

temperature has to be controlled. Another study by

Ramachandran et al. (1987b) develops the correlations
for inclined moving sheets in mixed convection either

with uniform surface heat flux or with uniform surface

temperature, although they are not valid for all incli-

nation angles.
Chen (2000a) performed an analysis of thermal

transport, occurring in the boundary layer of a hori-

zontal nonisothermal moving sheet in forced convec-

tion, with the surface temperature assumed to have a

power law variation. Pop et al. (1995) developed a series

solution for an inclined moving sheet in natural con-

vection, with a small angle of inclination to the hori-

zontal.
Ali and Al-Yousef (1998) studied the boundary layer

flow over a uniformly moving vertical surface with

suction or injection, obtaining similarity solutions sub-

ject to power law temperature and velocity boundary

conditions. The effect of various governing parameters is

investigated, such as the Prandtl number and the power

law exponent. Chen (2000b) presented a numerical study

of the flow and heat transfer characteristics associated
with a heated, continuously stretching surface being

cooled by a mixed convection flow. A power law surface

velocity was assumed for the continuously stretching

sheet, and two conditions of surface heating, i.e., power

law temperature and heat flux. Nonsimilarity solutions

were obtained for the local Nusselt number and friction

coefficient, investigating the effect of surface velocity and

buoyancy force.
More recently, Ali and Al-Yousef (2002) considered

in their work both the buoyancy-assisting and opposing

flows and solved the moving surface problem obtaining

similarity and local similarity solutions. They studied
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Fig. 1. Problem sketch.
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the effects of a mixed convection boundary layer adja-

cent to a continuous moving upward vertical surface,

with suction or injection. It was assumed that both the

temperature and the moving surface velocity varied ac-
cording to a power law. The effect of the Prandtl num-

ber, injection parameter and buoyancy parameter were

investigated. Critical values were found and a closed

form analytical solution was presented as a special case

of the energy equation.

Ali (1995) and Chen (1999) studied the horizontal

moving sheet with suction or injection with no buoyancy

effects. The flow and heat transfer characteristics of both
the arrangements were evaluated under the boundary

layer assumptions, for a similarity solution method. Al-

Sanea and Ali (2000) presented heat and fluid flow so-

lutions for a horizontal moving sheet with suction or

injection, studying the effect of the extrusion slit. Their

work has been the only one found in the literature that

utilizes the conservation equations in their complete

form to analyze the heat and fluid flow, moving sheet
problem. The finite volume method (Patankar, 1980)

was utilized to obtain the numerical results for the

nonsimilar and similar regions, assuming a uniform

temperature profile on the moving sheet.

A review of the literature shows that the heat and

fluid flow solutions that cover all the buoyancy-assisting

and opposing flows for mixed convection on inclined

surfaces are not available. Therefore, the objectives of
the present work are: (i) to predict fluid friction and heat

transfer characteristics along inclined surfaces in lami-

nar flow both for buoyancy-assisting and opposing flows

with a two dimensional complete set of conservation

equations and (ii) to correlate the bulk of the numerical

results in the form of analytical expressions valid for

wide ranges of inclination angles and moving sheet

relative velocities.
2. Mathematical model

Consider a solid inclined flat surface (sheet) of tem-

perature Tw issuing from a slot at a constant velocity uw
and being rolled on a cylinder. Four different flow

configurations may be encountered depending on the

inclination of the plate (buoyancy-assisting or opposing

flow) and the ratio of the plate velocity to the free

stream velocity (positive or negative), as shown in Fig. 1.

A buoyancy induced flow could either assist or oppose

the forced flow in the free stream, but only the cases of

aiding flow can be considered appropriately under the
boundary layer assumptions. The opposing flow situa-

tions (i.e., a < 0 in Fig. 1) should be treated with a

complete set of conservation equations, i.e., without the

boundary layer approximations.

A Cartesian coordinates system (x; y) is fixed on the
moving sheet either at the slot or at the rolling cylinder.
The gravity acceleration vector is fixed in the vertical

direction pointing downwards. The moving sheet incli-

nation with respect to the horizontal is defined by an

angle a which is in the range from )90� to 90�, as shown
in Fig. 1. This way, all possible configurations with the

forced flow over the plate are covered by the analysis.

The dimensionless parameter k is the ratio between the
moving sheet velocity, uw, and the free stream velocity,
u1, i.e.

k ¼ uw
u1

ð1Þ

To characterize most materials processing applications,

it is assumed that the moving sheet is at a uniform

temperature, higher than ambient temperature, i.e.,

Tw > T1. Therefore, four different flow configurations

are described by Fig. 1.

(a) The air stream and sheet velocities have the same

sign

1. k > 0 and a > 0: buoyancy-assisting flow;

2. k > 0 and a < 0: buoyancy-opposing flow.

(b) The air stream and sheet velocities have opposite

signs

3. k < 0 and a > 0: buoyancy-assisting flow;
4. k < 0 and a < 0: buoyancy-opposing flow.

The present treatment utilizes the two dimensional

complete set of conservation equations to formulate the

problem, although a simplified set of equations under

boundary layer assumptions may be used for buoyancy-

assisting flows, as discussed earlier in the text (Rama-

chandran et al., 1987a). However, the complete set of
conservation equations is required to obtain appropriate

results for buoyancy-opposing flows. Under the as-

sumptions of laminar, constant property flow with
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negligible viscous dissipation and Boussinesq approxi-

mation, the dimensionless conservation equations, for

)90�6 a6 90�, are written as
oU
oX

þ oV
oY

¼ 0 ð2Þ

U
oV
oX

þ V
oV
oY

¼ � oP
oY

þ 1

ReL

o2V
oX 2

�
þ o2V

oY 2

�

� sinðaÞnLh ð3Þ

U
oU
oX

þ V
oU
oY

¼ � oP
oX

þ 1

ReL

o2U
oX 2

�
þ o2U

oY 2

�

� cosðaÞnLh ð4Þ

U
oh
oX

þ V
oh
oY

¼ 1

PeL

o2h
oX 2

�
þ o2h
oY 2

�
ð5Þ

where the dimensionless variables are defined as

ðX ; Y Þ ¼ ðx; yÞ
L

; ðU ; V Þ ¼ ðu; vÞ
u1

ð6Þ

h ¼ T � T1
Tw � T1

; P ¼ p � qðgxxþ gyyÞ
qu21

ð7Þ

where L is the length of the exposed part of the moving
sheet, ReL ¼ u1L=m and PeL ¼ u1L=aT are the Reynolds
and Peclet numbers based on L, respectively, and
gx ¼ �jgj sinðaÞ and gy ¼ �jgj cosðaÞ are the compo-
nents of the gravity acceleration vector, g.
The relative influence between the forced and natural

convection effects is described by the ratio

nL ¼ jgbðTw � T1ÞL3=m2j
ðu1L=mÞ2

¼ jGrLj
Re2L

ð8Þ

where GrL is the Grashoff number based on L, nL is also
known as the Richardson number based on L.
In Eq. (3), when a > 0, sinðaÞ > 0, therefore the

buoyancy term is negative, i.e., the gravity component in

the x-direction is negative, determining a buoyancy-

assisting flow to the free stream. On the other hand,
when a < 0, sinðaÞ < 0, therefore the buoyancy term is

positive, i.e., the gravity component in the x-direction is
positive, determining a buoyancy-opposing flow to the

free stream. In Eq. (4), for )90�6 a6 90�, cosðaÞ > 0,

therefore the buoyancy term is negative, i.e., the gravity

component in the y-direction is always negative.
To complete the mathematical formulation, Fig. 2

shows the computational domain and the appropriate
boundary conditions for the problem, as follows:

ðAÞ U ¼ 1; V ¼ 0; h ¼ 1 ð9Þ

ðBÞ U ¼ k; V ¼ 0; h ¼ 1 ð10Þ

ðCÞ oU
oy

¼ oh
oy

¼ 0; V ¼ 0 ð11Þ
ðDÞ oU
oX

¼ oV
oX

¼ oh
oX

¼ 0 ð12Þ

ðEÞ oU
oY

¼ oV
oY

¼ oh
oY

¼ 0 ð13Þ

The problem consists of solving Eqs. (2)–(5), to de-

termine the velocity and temperature fields in the com-
putational domain subject to boundary conditions, as

defined in Fig. 2. Then, the local skin friction coefficient

and the local Nusselt number are computed for a gen-

eral location at the surface, x, according to their defi-
nitions, as follows:

Cf;x ¼
sw

1
2
qu21

¼
l ouðxÞ

oy

h i
y¼0

1
2
qu21

¼ 2
oUðX Þ
oY

� �
Y¼0

Re�1L ð14Þ

Nux ¼
hx
k
¼

�k oT ðxÞ
oy

h i
y¼0

ðTw � T1Þ
x
k
¼ �X

ohðX Þ
oY

� �
Y¼0

ð15Þ

The wall averaged skin friction coefficient is calculated

by first obtaining the wall averaged shear stress, �ssw, such
that Cf ¼ �ssw=ð1=2Þqu1. The final result is given by

1

2
CfRe

1=2
L ¼

Z 1

0

oUðX Þ
oY

� �
Y¼0
dX Re�1=2L ð16Þ

Similarly, the wall averaged Nusselt number is cal-

culated by first obtaining the wall averaged convective

heat transfer coefficient, �hh, such that Nu ¼ �hhL=k. The
final result is given by

NuRe�1=2L ¼ �
Z 1

0

ohðX Þ
oY

� �
Y¼0
dX Re�1=2L ð17Þ
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3. Results and discussion

For the problem considered in this paper, the model

described in Section 2 allows the numerical computation
of the local skin friction coefficient, Cf ;L and the local
Nusselt number at the surface trailing edge, x ¼ L, that
are defined by Eqs. (14) and (15), respectively, which

were used to validate the present numerical results by

direct comparison with previously published numerical

results in the literature. On the other hand, to present

new results for inclined surfaces either with buoyancy-

assisting or opposing flow to the free stream, the wall
averaged skin friction coefficient and Nusselt number, as

defined in Eqs. (16) and (17), were utilized rather than

the local quantities. Numerical solutions were obtained

for air (Pr ¼ 0:72), 16ReL6 1000, )90�6 a6 90�,
)0:36 k6 0:3 and 06 nL6 100 (i.e., from forced, mixed

to natural convection conditions).

The finite element method was applied to solve the

two-dimensional problem. Fluid flow and heat transfer
2-D, isoparametric, 4-noded linear elements were writ-

ten to be used as subroutines for the finite element

analysis program (FEAP), which was originally devel-

oped for solid mechanics problems by Zienkiewicz and

Taylor (1989). The fluid flow and the heat transfer

variational and discrete equations were implemented as

described by Reddy and Gartling (1994) for the coding

of elements, including either a Galerkin or an upwinding
scheme. A mesh with a total of 1170 nodes and 1102

elements, distributed in 30	 39 nodes and 29	 38 ele-
ments, was selected for the computational domain of

Fig. 2, more refined in the vicinity of the plate and

coarser in the direction of the free stream, such that the

Euclidean norm of the solution did not change, in

comparison with more refined meshes.
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Fig. 3. Validation procedure of the local skin friction coefficien
Initially, for the vertical wall configuration (a ¼ �90�
or a ¼ 90�), the numerical results obtained with the

present model were validated by direct comparison with

available published data. Although the results were
validated for several plate speeds and Reynolds num-

bers, for the sake of conciseness, only the results for the

case where the plate is moving in the opposite direction

to the free stream (k ¼ �0:3) are presented to illustrate
the validation procedure of the local skin friction coef-

ficient against the results of Bianchi et al. (1997), since

Ramachandran et al. (1987a) did not present results for

the local skin friction coefficient. To validate the local
Nusselt number results, a comparison is presented with

the results obtained by Ramachandran et al. (1987a).

The comparison is shown only for the cases where the

plate is moving in the same direction as the free stream

(for brevity, only for k ¼ 0, 0.5), since Ramachandran et

al. (1987a) did not treat cases where the plate is moving

in the direction opposite to the free stream in their work.

For the aiding flow configuration, a high Reynolds
number (ReL ¼ 1000) was selected as shown in Figs. 3

and 4, and for the opposing flow configuration, results

for ReL ¼ 1 are shown in Fig. 5. First, the results for the

aiding flow configuration are addressed, i.e., a ¼ 90�. In
Fig. 3, regarding the comparison with previously pub-

lished data obtained with a complete finite element

formulation by Bianchi et al. (1997), the results practi-

cally match. Fig. 3 also shows a good qualitative
agreement with results obtained with a boundary layer

formulation by Bianchi et al. (1997). As it is seen in Fig.

4, the comparison between the present results and the

previously published results obtained with a boundary

layer formulation (Ramachandran et al., 1987a) shows

that there is a good qualitative agreement between them.

The slight quantitative differences may be explained by
1 10

7) - Finite Elements
7) - Boundary Layer

Lξ

t against literature results, for buoyancy-assisting flows.
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the fact a semi-infinite plate is considered in the

boundary layer formulation, whereas in the present

model, according to Fig. 2, the plate has a finite length,

L, therefore suffering the influence of downstream con-
ditions where the plate no longer exists. Next, results for

the opposing flow configuration are shown in Fig. 5, i.e.,

a ¼ �90�. Bianchi et al. (1997) obtained results for op-
posing flow for vertical plates with a complete formu-

lation, but only for low free stream velocities, i.e.,

ReL ¼ 1. Fig. 5 shows that the results are in very good

qualitative and quantitative agreement, both for the

fluid friction and heat transfer. Note that the velocity
gradient at the wall decreases and reaches a zero value as

nL increases. At that point, there is no friction, since the
fluid adjacent to the wall moves at the same velocity as

the plate. Beyond that point, friction increases again,
but ðou=oyÞ becomes negative, so the friction factor,

Cf ;L, attains negative values, according to Eq. (14).

Therefore, for clarity, Fig. 5 shows the absolute values

of the friction factor. The same effect is expected to be
present in all opposing flow configurations.

As it was discussed earlier in the text, Ramachandran

et al. (1987a) presented results for flow and heat transfer

from vertical and inclined moving sheets under the

boundary layer assumptions for buoyancy-assisting

flows, and by neglecting the streamwise pressure gradi-

ent in the formulation. The present treatment studies the

flow configuration with inclined sheets according to Fig.
1, with a complete formulation, therefore also consid-

ering the pressure gradient terms in the momentum

equations and cases where the sheet moves either in the

opposite or the same direction as the free stream.
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The presentation of the results for inclined sheets

starts with the buoyancy-assisting cases. For a fixed

moving sheet to free stream velocity ratio, k ¼ 0:3, Fig.
6 shows the effect of the variation of the inclination
angle, a, and Reynolds number, ReL, on the wall aver-
aged skin friction coefficient, Cf . The effect of a is neg-
ligible in the forced convection region of the graph, i.e.,

for the low nL values, becoming important as nL in-

creases and buoyancy effects are present, then Cf in-
creases as a increases. An explanation lies in the fact that
the value of the gravity component in the direction of

the sheet decreases as a decreases. As expected, the
0.1
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= 0.3
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Fig. 6. The effect of the forced free stream flow, ReL, inclination angle and
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forced convection scale, Cf 
 Re�1=2L is increasingly

more appropriate for higher values of ReL, such that

with low nL values, for ReL P 400, the effect of the

variation of ReL is neglible on the group ð1
2
jCf jRe1=2L Þ. A

similar behavior is observed with respect to the wall

averaged Nusselt number, i.e., with the group

ðNuRe�1=2L Þ, as shown in Fig. 7. The effect of the incli-
nation angle is more pronounced for higher nL values,
i.e., from the mixed to the natural convection region

where Nu increases as a increases, showing that a highest
heat transfer rate occurs with the vertical wall configu-

ration, i.e., when the gravity component in the direction
1 10 100

L

buoyancy on the wall averaged skin friction coefficient, for buoyancy-

1 10 100

L

uoyancy on the wall averaged heat transfer coefficient, for buoyancy-
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of the sheet is maximum. The forced convection scale,

Nu 
 Re1=2L is increasingly more appropriate as ReL
increases, in the low nL values region of the graph, i.e.,
the forced convection dominated region.
The effect of the variation of the moving sheet to free

stream velocity ratio, k, is investigated in Fig. 8, for

ReL ¼ 1000. Friction is higher when the sheet moves in

the opposite direction to that of the free stream. De-

parting from k ¼ �0:3, as the magnitude of k decreases
and changes sign (i.e., moving in the same direction as

the free stream), friction decreases, since the relative

velocity between the sheet and the free stream is re-
duced. Again, the effect of the inclination angle is neg-
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0.3

90° = α
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Fig. 9. The effect of the sheet velocity, k, inclination angle and buoyancy on t
ligible in the forced convection dominated regime and

more pronounced from the mixed to pure natural con-

vection region, with Cf increasing as a increases, due to
the same reasoning presented in the discussion of Figs. 6
and 7. The wall averaged Nusselt number dependence

on k is shown in Fig. 9. In this case, Nu is higher when
the sheet moves in the same direction as the free stream.

One possible explanation for this is the fact that the

relative velocity between the sheet and the free stream is

reduced as the magnitude of k decreases and changes

sign, for negative values. The relative velocity between

the sheet and the free stream continues to decrease as k
changes sign, becomes positive and increases. Therefore
1 10 100

Lξ

he wall averaged skin friction coefficient, for buoyancy-assisting flows.

1 10 100

Lξ
he wall averaged heat transfer coefficient, for buoyancy-assisting flows.
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a specific point on the sheet stays longer in thermal

contact with the free stream as k varies from )0.3 to 0.3,
as shown in Fig. 9. The same trend is observed in the

results shown in Fig. 4 for the vertical wall (and in the
results obtained by Ramachandran et al., 1987a) for

kP 0, i.e., (Nux Re�1=2x ) increases as k increases.
The numerical results for the buoyancy-assisting

flows, with air (Pr ¼ 0:72), 1006ReL6 1000, 0�6 a6
90�, )0:36 k6 0:3 and 06 nL6 100 (i.e., from the

forced, mixed to natural convection conditions) are

correlated within 5% by an expression of the type rec-

ommended by Churchill (1977)

F ¼ ½c0
n

þ c1ðk þ 0:3Þ þ c2kðk þ 0:3Þ�n

þ b � d � an1n
ða2�n�eÞ
L

o1=n
ð18Þ

where F ¼ F ðReL; k; a; nLÞ represents either the wall av-
eraged skin friction group ð1

2
jCf jRe1=2L Þ or the wall aver-

aged Nusselt number group (NuRe�1=2L ), by utilizing the

appropriate coefficients in Eq. (18).

For F ¼ 1
2
jCf jRe1=2L : c0 ¼ 0:513þ 24:111=ReL; c1 ¼

ðf12 � c0Þ=0:3 with f12 ¼ 0:482þ 15:889=ReL; c2 ¼
ðf13 � 2f12 þ c0Þ=0:18 with f13 ¼ 0:391þ 10:111=ReL;
n ¼ ð0:357a � 0:175ÞnL þ 2; b ¼ 0:261a þ 0:599 with a
in radians; a1 ¼ �0:515k þ 0:829; a2 ¼ 0:09k þ 0:505;
d ¼ 2:96	 10�7Re2L � 7:48	 10�4ReL þ 1:452, and
e ¼ 2:03	 10�7Re2L � 5	 10�4ReL þ 1:3.
For F ¼ NuRe�1=2L : c0 ¼ 0:307þ 5:889=ReL; c1 ¼

ðf12 � c0Þ=0:3 with f12 ¼ 0:391þ 3:778=ReL; c2 ¼
ðf13 � 2f12 þ c0Þ=0:18 with f13 ¼ 0:46þ 3:222=ReL;
n ¼ 7:013; b ¼ 0:547a þ 0:15 with a in radians;

a1 ¼ 0:162k þ 0:469; a2 ¼ �0:07k þ 0:172; d ¼ �7:4	
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Fig. 10. The effect of the inclination angle and buoyancy on the wall averag

flows on a stationary plate (ReL ¼ 400).
10�7Re2L þ 7:037	 10�4ReL þ 1:037, and e ¼ 3:7	 10�7

Re2L � 5:85	 10�4ReL þ 1:215.
All the numerical results were obtained with the di-

mensionless groups defined in Eqs. (6) and (7), which are
based on adequate scales for the forced convection

dominated regime, i.e., for low nL values. Although

convergence became increasingly difficult as nL in-

creased, in the buoyancy-assisting cases, it was possible

to obtain results for 06 nL6 100 (i.e., from forced,

mixed to natural convection conditions). However, in

the buoyancy-opposing cases, where the forced convec-

tion flow opposes the natural convection flow, conver-
gence was achieved only for nL < 1. For this reason, the

buoyancy-opposing converged results are presented and

discussed, but no correlation is proposed since the entire

nL-range has not been covered.
Figs. 10 and 11 show the flow and heat transfer re-

sults for the stationary plate, k ¼ 0. The effect of the

variation of the Reynolds number is investigated by

direct comparison of the results of Fig. 10 (ReL ¼ 400)
with the results of Fig. 11 (ReL ¼ 1000). The results are

qualitatively similar, with slight quantitative differ-

ences, showing that the groups ð1
2
jCf jRe1=2L Þ and

(NuRe�1=2L ) are an appropriate scale for ReL P 400 in the

low nL values region of the graph, i.e., the forced con-
vection dominated region. Numerical results are shown

only up to the point where convergence was achieved.

As expected, ð1
2
jCf jRe1=2L Þ and (NuRe�1=2L ) decrease as nL

increases, since the buoyancy induced flow increases and

opposes the forced flow. Both friction and heat transfer

decrease from the limiting buoyancy-assisting horizontal

plate (a ¼ 0�) to the buoyancy-opposing vertical plate
(a ¼ �90�) where the gravity component in the direction
1 1

0.1

1

2/
1

L
R

e
N

u
−

ed skin friction and heat transfer coefficients, for buoyancy-opposing
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Fig. 11. The effect of the inclination angle and buoyancy on the wall averaged skin friction and heat transfer coefficients, for buoyancy-opposing

flows on a stationary plate (ReL ¼ 1000).
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of the sheet is maximum, i.e., the buoyancy-opposing

effect is maximum. In Fig. 10, for ReL ¼ 400, it was

possible to reach a value of nL ffi 0:57 where the wall
averaged friction factor becomes zero and changes sign,

i.e., ðou=oyÞ becomes negative, which is the same effect
observed in Fig. 5, for the local friction factor. The same

trend is observed in all other cases in Figs. 10 and 11.

Close to that location, it is observed that (NuRe�1=2L )
reaches a minimum value which represents the minimum

conduction heat transfer limit where there is no relative

motion between the sheet and the fluid. From that value

of nL on, as the buoyancy induced flow increases, heat
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Pr = 0.72

= -0.3
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Fig. 12. The effect of the inclination angle and buoyancy on the wall averag

flows on a plate moving in the opposite direction to the free stream (ReL ¼
transfer is expected to increase again, but no conver-

gence was achieved in this work beyond this point. All

other cases show the same trend up to the point where

convergence was achieved. Similar phenomena are ob-

served in Figs. 12–15 which document the effect of the

variation of the sheet velocity. In comparison with Figs.

10 and 11, it is seen that when the sheet is moving in the

direction opposite to the free stream (k ¼ �0:3) the de-
creasing rate of ð1

2
jCf jRe1=2L Þ and (NuRe�1=2L ) with respect

to nL is higher. Figs. 14 and 15 (k ¼ 0:3) show that the

decreasing rate of ð1
2
jCf jRe1=2L Þ and (NuRe�1=2L ) with re-

spect to nL is smaller than in the previous cases
.1 1

0.1

1

Lξ

2/
1

L
R

e
N

u
−

ed skin friction and heat transfer coefficients, for buoyancy-opposing

400).
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Fig. 13. The effect of the inclination angle and buoyancy on the wall averaged skin friction and heat transfer coefficients, for buoyancy-opposing

flows on a plate moving in the opposite direction to the free stream (ReL ¼ 1000).
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Fig. 14. The effect of the inclination angle and buoyancy on the wall averaged skin friction and heat transfer coefficients, for buoyancy-opposing

flows on a plate moving in the same direction as the free stream (ReL ¼ 400).
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(k ¼ �0:3 and 0). The conclusion is that the reduction in
the wall averaged friction and heat transfer with respect

to nL is more accentuated as k decreases from positive

to negative values.
4. Conclusions

In this study, an analysis has been carried out to

predict convective transport occurring between air and a

continuous inclined surface which moves with assisting
or opposing flow with respect to the free stream, in the

presence of gravity. Numerical solutions for fluid flow

and heat transfer have been obtained for the set of

(laminar regime) complete conservation equations using

the finite element method. The accuracy of the numeri-

cal results was verified by direct comparison with results

previously published in the literature for vertical sur-

faces with buoyancy-assisting flows. The review of the
literature shows that heat and fluid flow solutions that

cover all buoyancy-assisting and opposing flows for

mixed convection on inclined surfaces are not available.
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Fig. 15. The effect of the inclination angle and buoyancy on the wall averaged skin friction and heat transfer coefficients, for buoyancy-opposing

flows on a plate moving in the same direction as the free stream (ReL ¼ 1000).
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Two objectives have been achieved with the present

work: (i) fluid friction and heat transfer characteristics

along inclined surfaces in laminar flow both for the

buoyancy-assisting and opposing flows were predicted

for several different process configurations, and (ii) the

bulk of the numerical results was correlated in the form

of analytical expressions valid for wide ranges of incli-

nation angles and moving sheet relative velocities, for
buoyancy-assisting flows.

The chief contribution of the work presented in this

paper is that it focuses attention on the results of cor-

relations for future scientific and industrial applications.

The nondimensional results obtained for the wall aver-

aged friction coefficient and Nusselt number could be

applied extensively once the physical and operating pa-

rameters of the specific process under consideration are
known. In order to establish more confidence in the

numerical results, the model predictions should be val-

idated experimentally at least for a few selected process

configurations.
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